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Abstract. A (3 + 1)-dimensional Einstein-Gauss-Bonnet effective description of gravity
has been recently formulated as the D → 4 limit of the higher dimensional field equations
after the rescaling of the coupling constant. This approach has been recently extended to
the four-dimensional Einstein-Lovelock gravity. Although validity of the regularization pro-
cedure has not been shown for the general case, but only for a wide class of metrics, the
black-hole solution obtained as a result of such a regularization is also an exact solution in
the well defined 4D Einstein-Gauss-Bonnet theory suggested by Aoki, Gorji and Mukohyama
[arXiv:2005.03859] and in the scalar-tensor effective classical theories. Here we study the
eikonal gravitational instability of asymptotically flat, de Sitter and anti-de Sitter black holes
in the four dimensional Einstein-Gauss-Bonnet and Einstein-Lovelock theories. We find para-
metric regions of the eikonal instability for various orders of the Lovelock gravity, values of
coupling and cosmological constants, and share the code which allows one to construct the
instability region for an arbitrary set of parameters. For the four-dimensional Gauss-Bonnet
black holes we obtain the region of stability in analytic form. Unlike the higher dimensional
Einstein-Lovelock case, the eikonal instability serves as an effective cut-off of higher curvature
Lovelock terms for the 4D black holes.
ArXiv ePrint: 2003.12492
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1 Introduction
Stability of a black-hole metric against small (linear) perturbations of spacetime is the neces-
sary condition for viability of the black-hole model under consideration. Therefore, a number
of black-hole solutions in various alternative theories of gravity were tested for stability [1].
One of the most promising approaches to construction of alternative theories of gravity is
related to the modification of the gravitational sector via adding higher curvature corrections
to the Einstein action. This is well motivated by the low energy limit of string theory. Among
higher curvature corrections, the Gauss-Bonnet term (quadratic in curvature) and its natural
generalization to higher orders of curvature in the Lovelock form [2, 3] play an important role.
The Lovelock theorem states that only metric tensor and the Einstein tensor are di-
vergence free, symmetric, and concomitant of the metric tensor and its derivatives in four
dimensions [2, 3]. Therefore, it was concluded that the appropriate vacuum equations in
D = 4 are the Einstein equations (with the cosmological term). In D > 4 the theory of
gravity is generalized by adding higher curvature Lovelock terms to the Einstein action.
Black hole in the D > 4 Einstein-Gauss-Bonnet gravity and its Lovelock generalization
were extensively studied and various peculiar properties were observed. For example, the
life-time of the black hole whose geometry is only slightly corrected by the Gauss-Bonnet
term is characterized by a much longer lifetime and a few orders smaller evaporation rate [4].
The eikonal quasinormal modes in the gravitational channel break down the correspondence
between the eikonal quasinormal modes and null geodesics [5, 6]. However, apparently the
most interesting feature of higher curvature corrected black hole is the gravitational instabil-
ity: When the coupling constants are not small enough, the black holes are unstable and the
instability develops at high multipoles numbers [7–16]. Therefore, it was called the eikonal
instability [13].
Recently, it was claimed that there was found the way to bypass the Lovelock’s theorem
[17] by performing a kind of dimensional regularization of the Gauss-Bonnet equations and
obtaining of a four-dimensional metric theory of gravity with diffeomorphism invariance and
second order equations of motion. The approach was first formulated in D > 4 dimensions
and then, the four-dimensional theory is defined as the limit D → 4 of the higher-dimensional
theory after the rescaling of the coupling constant α → α/(D − 4). The properties of black
holes in this theory, such as (in)stability, quasinormal modes and shadows, were considered
in [18], while the innermost circular orbits were analyzed in [19]. The generalization to
the charged black holes and an asymptotically anti-de Sitter and de Sitter cases in the 4D
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Einstein-Gauss-Bonnet theory was considered in [20] and to the higher curvature corrections,
that is, the 4D Einstein-Lovelock theory, in [21, 22]. Some further properties of black holes for
this novel theory, such as axial symmetry and thermodynamics, were considered in [23–57].
It should be pointed out that such a “naïve” formulation of the dimensional regular-
ization has faced some criticism, starting from a straightforward observation of the lack of
the tensorial description for the corresponding theory [58]. It has been found further that in
some cases different ways for regularization lead to nonuniqueness of some solutions, such as
Taub-NUT black holes [59]. It was pointed out that in four dimensions there is no four-point
graviton scattering tree amplitudes other than those leading to the Einstein theory, so that
additional degrees of freedom, for instance, a scalar field (∂φ)4, should be added for consis-
tency [60]. In addition, the nonlinear perturbations of the metric cannot be regularized by
taking the limit D → 4 due to divergent terms appearing in the corresponding equations of
the Gauss-Bonnet theory [61].
In order to solve the above problems additional scalar degrees of freedom were proposed
in [62, 63] through a Kaluza-Klein reduction of a D-dimensional theory, which in the limit
D → 4 leads to a particular subclass of the Horndeski theory with a scalar field (∂φ)4.
An alternative approach for introducing the scalar field, which does not exploit a particular
assumption on the extra-dimensional geometry, leading to the same scalar-tensor theory (when
the internal Kaluza-Klein space is flat), has been proposed in [64, 65]. The theory admits
two vacua, one corresponding to the Einstein gravity and the other one – to the regularized
Gauss-Bonnet case, and do not have an additional propagating degree of freedom associated
with the scalar field [66]. Thus, in order to study gravitational dynamics, we need to take into
account only gravitational degrees of freedom. However, it turns out that the gravitational
degrees of freedom in such a scalar-tensor theory are infinitely strong coupled due to lack of
the quadratic kinetic term of the scalar field [63].
A consistent description for the theory has been given in [67], where, using the ADM
decomposition, it was shown that the regularization either
• breaks the diffeomorphism invariance, leading to a particular vacuum and implying no
scalar-field degree of freedom,
or,
• introduces an extra degree of freedom given by a scalar field, which is in agreement with
the Lovelock theorem.
Here we study the linear stability of asymptotically flat, de Sitter and anti-de Sitter
4D Einstein-Lovelock black holes. We show that not only maximally symmetric spacetimes,
but even much less symmetric time-dependent linear perturbations can be studied in four
dimensions with arbitrary Lovelock couplings by taking the limit D → 4 without encountering
divergences. We find the parametric regions of the eikonal instability for the 4D Einstein-
Gauss-Bonnet-(anti-)de Sitter black holes and various examples for its Lovelock extension.
We show that the positive values of coupling constants are bounded by the instability region.
Thus, small black holes are not allowed in the 4D Einstein-Lovelock description with positive
couplings: When the coupling constants are sufficiently large compared to the black-hole
size, such black holes are always eikonally unstable. This situation is qualitatively different
from the higher dimensional Einstein-Lovelock theory, where the effect of higher curvature
terms cannot be discarded, because there the instability still allows for large values of the
coupling constants. Inequalities determining the instability region for the four-dimensional
Gauss-Bonnet black holes are derived.
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Our paper is organized as follows. In Sec. 2 we briefly describe the static 4D Einstein-
Lovelock black hole solution. Sec. 3 is devoted to the gravitational perturbations of the black
holes, and Sec. 4 discusses their eikonal instability. Finally, in Conclusions, we summarize
the obtained results.
2 Static black holes in the four-dimensional Lovelock theory
The Lagrangian density of the Einstein-Lovelock theory has the form [2]:
L = −2Λ +
m∑
m=1
1
2m
αm
m
δµ1ν1µ2ν2...µmνmλ1σ1λ2σ2...λmσm R
λ1σ1
µ1ν1
R λ2σ2µ2ν2 . . . R
λmσm
µmνm , (2.1)
where δµ1µ2...µpν1ν2...νp is the generalized totally antisymmetric Kronecker delta, R
λσ
µν is the Rie-
mann tensor, α1 = 1/8πG = 1 and α2, α3, α4, . . . are arbitrary constants of the theory.
The Euler-Lagrange equations, corresponding to the Lagrangian density (2.1) read [73]:
Λδµν = R
µ
ν −
R
2
δµν +
m∑
m=2
1
2m+1
αm
m
δµµ1ν1...µmνmνλ1σ1...λmσmR
λ1σ1
µ1ν1
. . . R λmσmµmνm . (2.2)
The antisymmetric tensor is nonzero only when the indices µ, µ1, ν1, . . . µm, νm are all
distinct. Thus, the general Lovelock theory is such that 2m < D. In particular, for D = 4, we
have m = 1 corresponding to the Einstein theory [3]. When D = 5 or 6, m = 2 and one has
the (quadratic in curvature) Einstein-Gauss-Bonnet theory with the coupling constant α2.
Following [15], we introduce
α˜m =
αm
m
(D − 3)!
(D − 2m− 1)! =
αm
m
2m−2∏
p=1
(D − 2− p) (2.3)
and consider the limitD → 4 while α˜m remain constant. In this way, we obtain the regularized
4D Einstein-Lovelock theory formulated in [22], which generalizes the approach of [17] used
for the Einstein-Gauss-Bonnet theory. In the Einstein-Gauss-Bonnet case (m = 2) the above
equation reads
α2 =
2α˜2
(D − 3)(D − 4) . (2.4)
Then, taking the limit D → 4 we see that
α2 → 2α˜2
D − 4 . (2.5)
Notice that our units differ by a factor of 2 from those used in [17] and coincide with the units
of [20]. Prior to [17] the dimensional regularization of the Einstein-Gauss-Bonnet theory was
suggested by Y. Tomozawa [68].
Although the Lagrangian (2.1) diverges in the limit D → 4, no singular terms appear in
the Einstein-Lovelock equations for any D ≥ 3. In particular, following [22] one can find the
four-dimensional static and spherically symmetric metric, described by the metric
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2(dθ2 + sin2 θdφ2). (2.6)
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The metric function f(r) is defined through a new variable ψ(r),
f(r) = 1− r2 ψ(r), (2.7)
which satisfies the algebraic equation
W [ψ(r)] ≡ ψ(r) +
m∑
m=2
α˜mψ(r)
m − Λ
3
=
2M
r3
, (2.8)
where M is the asymptotic mass [70].
The Gauss-Bonnet theory (m = 2) leads to the two branches [20]:
f(r) = 1− r
2
2α˜2
(
−1±
√
1 + 4α˜2
(
2M
r3
+
Λ
3
))
, (2.9)
one of which, corresponding to the “+” sign, is perturbative in α˜2, while for the “-” the metric
function f(r) goes to infinity when α˜2 → 0. Notice that the above solution was also obtained
in [71, 72] in a different context, when discussing quantum correction to entropy.
The higher-order Lovelock corrections result in more branches, only one of which is
perturbative in α˜m. Following [15], we consider here only the perturbative branch, so that we
recover the Einstein theory [69] in the limit α˜m → 0. In particular, for m = 3 and α˜3 ≥ α˜22/3,
f(r) = 1− α˜2r
2
3α˜3
(A+(r)−A−(r)− 1) , (2.10)
where
A±(r) =
3
√√√√√
F (r)2 +
(
3α˜3
α˜2
2
− 1
)3
± F (r), F (r) = 27α˜
2
3
2α˜3
2
(
2M
r3
+
Λ
3
)
+
9α˜3
2α˜2
2
− 1 .
It is convenient to measure all dimensional quantities in units of the horizon radius rH .
For the asymptotic mass we obtain
2M = rH
(
1 +
m∑
m=2
α˜m
r2m−2H
− Λr
2
H
3
)
. (2.11)
For Λ > 0 the perturbative branch is asymptotically de Sitter, so that Λ can be expressed
in terms of the de Sitter horizon rC as follows
Λ
3
=
1
r2C + rCrH + r
2
H
+
m∑
m=2
α˜m
r3−2mC − r3−2mH
r3C − r3H
. (2.12)
When Λ < 0, we introduce the AdS radius R, by assuming that the metric function has
the following asymptotic f(r)→ r2/R2 as r→∞, and the cosmological constant is given by
Λ
3
= − 1
R2
+
m∑
m=2
(−1)mα˜m
R2m
. (2.13)
The metric function f(r) for the perturbative branch of the general Einstein-Lovelock
black hole can be obtained numerically [22].1
1The Mathematica R© code for the metric-function calculation is available from
https://arxiv.org/src/2003.07788/anc/LovelockBH.nb.
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3 Gravitational perturbations
Following [74], we consider linear perturbations of the D-dimensional spherically symmetric
black hole, which we separate into tensor, vector, and scalar channels according to their
transformations respectively the rotation group on a (D − 2)-sphere:
• Although for D > 4 the tensor-type perturbations have dynamic degrees of freedom, in
the limit D → 4 these perturbations are pure gauge.
• For the vector-type (axial) perturbations we choose the Regge-Wheeler gauge, so that
the nonzero perturbations of the metric tensor are
δgti = δgit = v(t, r)Vi, (3.1a)
δgri = δgir = w(t, r)Vi, (3.1b)
where i, j = 2, 3, . . . (D − 1) are indices of the D − 2 sphere and the vector harmonics
Vi depend on the corresponding coordinate and satisfy
∇iV i = 0, ∇j∇jV i = V i − ℓ(ℓ+D − 3)V i. (3.2)
• For the scalar-type (polar) perturbations we use the Zerilli gauge
δgtt = gttH0(t, r)S, (3.3a)
δgtr = δgrt = H1(t, r)S, (3.3b)
δgrr = grrH2(t, r)S, (3.3c)
δgij = gijK(t, r)S, (3.3d)
where the scalar harmonics S obey
∇j∇jS = −ℓ(ℓ+D − 3)S. (3.4)
The integer number ℓ = 2, 3, 4, . . . is called the multipole number.
Substituting perturbed metric
gµν → gµν + δgµν
into (2.2) and neglecting higher orders of δgµν , one can obtain the following equations [74]
− 1
2rD
(
T ′(r)v(t, r)
(∇j∇jV i
D − 3 + V
i
)
+ f(r)
∂
∂r
T (r)
(
r
∂v
∂r
− r∂w
∂t
− 2v(t, r)
)
V i
)
= 0
(µ = i, ν = 0), (3.5a)
− 1
2rD
(
T ′(r)w(t, r)
(∇j∇jV i
D − 3 + V
i
)
+
T (r)
f(r)
∂
∂t
(
r
∂v
∂r
− r∂w
∂t
− 2v(t, r)
)
V i
)
= 0
(µ = i, ν = r), (3.5b)
− 1
2(D − 3)rD
(
T ′(r)
f(r)
∂v
∂t
− ∂
∂r
(
f(r)T ′(r)w(t, r)
))
(∇iVj +∇jVi) = 0
(µ = i, ν = j), (3.5c)
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for the vector-type perturbations. For the scalar-type perturbations we have [74]
(T (r)H2(t, r) + rT
′(r)K(t, r))∇j∇jS − (D − 2)r ∂
∂r
f(r)T (r)H2(t, r)S
+(D − 2)rT ′(r)K(t, r)S + D − 2
2
r2T (r)
∂K
∂r
S + (D − 2)f(r) ∂
∂r
r2T (r)
∂K
∂r
S = 0
(µ = 0, ν = 0), (3.6a)
H1(t, r)∇j∇jS + (D − 2)r
(
K(t, r)−H2(t, r) + r∂K
∂r
− rf
′(r)
2f(r)
K(t, r)
)
S = 0,
(µ = 1, ν = 0), (3.6b)
(T (r)H0(t, r) + rT
′(r)K(t, r))∇j∇jS + (D − 2)r
(
2T (r)
∂H1
∂t
− rT (r)
f(r)
∂2K
∂t2
+ T ′(r)K(t, r)
+r
(
f(r)T ′(r) +
f ′(r)T (r)
2
)
∂K
∂r
− (f(r)T ′(r) + f ′(r)T (r))H2(t, r) + f(r)T (r)H0(t, r)
)
S
(µ = 1, ν = 1), (3.6c)
(
T ′(r)H(t, r)− rT ′(r)∂K
∂r
+
f ′(r)T (r)
2f(r)
(H2(t, r)−H0(t, r))
−T (r)∂H0
∂r
+
T (r)
r
H0(t, r) +
T (r)
f(r)
∂H1
∂t
)
∇iS = 0 (µ = i, ν = 1), (3.6d)(
rT ′′(r)K(t, r) + T ′(r)H0(t, r) + T
′(r)H2(t, r)
)∇i∇jS = 0 (µ = i, ν = j), (3.6e)
where we introduced the function
T (r) ≡ rD−3W ′[ψ(r)] = rD−3
(
1 +
m∑
m=2
mα˜mψ(r)
m−1
)
. (3.7)
It essential that all the above equations are well defined in the limit D → 4.
In [74] it was shown that, after introducing the functions Ψv(t, r) and Ψs(t, r) as
w(t, r) =
rΨv(t, r)
f(r)
√
|T ′(r)| , (3.8)
K(t, r) =
rf(r)
(
∂Ψs
∂r
+
T ′(r)
T (r)
Ψs(t, r)
)
− ℓ(ℓ+D − 3)
D − 2 Ψs(t, r)
f(r)− r
2
f ′(r) +
ℓ(ℓ+D − 3)
D − 2
, (3.9)
it is possible to reduce the perturbation equations to the wave-like form:(
∂2
∂t2
− ∂
2
∂r2∗
+ Vi(r∗)
)
Ψi(t, r∗) = 0, (3.10)
where r∗ is the tortoise coordinate,
dr∗ ≡ dr
f(r)
=
dr
1− r2ψ(r) , (3.11)
– 6 –
and i stands v (vector) and s (scalar) types of gravitational perturbations. The wave-
like equations (3.10) describe the perturbation dynamics since v(t, r) and w(t, r) depend
on Ψv(t, r) and the functions H0(t, r), H1(t, r), H2(t, r), and K(t, r) depend on Ψs(t, r) and
its derivatives.
After taking the limit D → 4 the effective potentials Vs(r) and Vv(r) are given by the
following expressions:
Vv(r) =
(ℓ− 1)(ℓ+ 2)
rT (r)
d
dr∗
T (r) +R(r)
d2
dr2∗
(
1
R(r)
)
, (3.12)
Vs(r) =
ℓ(ℓ+ 1)
rP (r)
d
dr∗
P (r) +
P (r)
r
d2
dr2∗
(
r
P (r)
)
, (3.13)
where
R(r) = r
√
|T ′(r)|, P (r) = 2(ℓ− 1)(ℓ + 2)− 2r
3ψ′(r)√
|T ′(r)| T (r).
Notice that, since we consider the perturbative branch of solutions, then we have T (r) >
0 for r > rH [15].
Although we can formally obtain expressions for the effective potentials when T ′(r) ≤ 0,
the kinetic term of perturbations in such points has a wrong (negative) sign. In this case
the perturbations are linearly unstable, and this phenomenon was called the ghost instability
[74].
4 Eikonal (in)stability
Usually, we used to believe that if a gravitational instability takes place, it happens at the
lowest ℓ = 2 multipole, while higher multipoles increase the centrifugal part of the effective
potential and make the potential barrier higher, so that, usually„ higher ℓ are more stable.
The eikonal instability we observe here is qualitatively different: higher ℓ leads not only to
the higher height of the barrier, but also increases the depth of the negative gap near the
event horizon. Then, at some sufficiently large ℓ the negative gap becomes so deep, that the
bound state with negative energy becomes possible, which signifies the onset of instability.
For large ℓ the effective potential for the vector-type perturbations
Vv = ℓ
2
(
f(r)T ′(r)
rT (r)
+O
(
1
ℓ
))
(4.1)
becomes positive-definite in the parametric regime, which is free from the ghost instability.
Therefore, the eikonal instability exists only in the scalar channel. For large ℓ the
effective potential reads
Vs = ℓ
2
(
f(r)(2T ′(r)2 − T (r)T ′′(r))
2rT ′(r)T (r)
+O
(
1
ℓ
))
, (4.2)
giving the following instability condition [74],
2T ′(r)2 − T (r)T ′′(r) < 0. (4.3)
This condition can be test for each black-hole configuration. In the Einstein-Gauss-
Bonnet case (m = 2) it sufficient to test if (4.3) is satisfied at r = rH [14]. Therefore, the
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Figure 1. The parametric region of the eikonal instability for the asymptotically de Sitter (left panel)
and anti-de Sitter (right panel) four-dimensional Einstein-Gauss-Bonnet black holes. The black color is
the excluded parametric region (T (rH) < 0), the yellow color is for the ghost instability (T
′(rH) < 0),
and the blue color is for the eikonal instability in the scalar sector.
problem is reduced to the polynomial inequality of fourth order in α˜2, which can be solved
analytically. We find that the eikonal instability occurs if
α˜2
r2H
>
√
6
√
3− 10 + λ2 + λ
2
, λ = (2
√
3− 3)Λr2H − 1. (4.4)
In the asymptotically flat case (Λ = 0, λ = −1), the black hole has the eikonal instability
in the scalar sector for
α˜2
r2H
>
√
6
√
3− 9− 1
2
≈ 0.09. (4.5)
It is possible to show that the ghost instability always takes place for larger values of α˜2.
By substituting (2.12) and (2.13) into (4.4) one can find the instability condition in
the geometrized units. We show the parametric region of the eikonal instability on Fig. 1.
We see that the asymptotically flat and (anti-)de Sitter black holes in the Einstein-Gauss-
Bonnet theory are stable for the whole range of valid parameters when α is negative and for
sufficiently small values of positive α.
For the higher-order Einstein-Lovelock theory it is not sufficient to test (4.3) in the point
r = rH . In order to obtain the region of instability we have used the Wolfram Mathematica R©
code developed in [15].2
From Figs. 2 we see that when the Lovelock series is truncated at the third order (m = 3)
the positive cosmological constant modifies the (in)stability region relatively softly. As for
the four-dimensional Einstein-Gauss-Bonnet black holes, we see the Λ-term slightly increases
the region of stability. For the asymptotically AdS black holes (Figs. 3) we see that the region
of stability shrinks as we decrease their size in units of the AdS radius R.
It is interesting to note that for the four-dimensional black holes the ghost instability
occurs for α˜3 < α˜22/3 and scalar-type eikonal instability exists for α˜3 < 0. Unlike in higher
dimensional Lovelock theory, spherically symmetric black holes in 4D are always unstable for
sufficiently large positive values of the coupling constants. In this way, the eikonal instability
is an effective cut-off for the physically relevant black-hole solutions with positive couplings.
2The Mathematica R© code for testing stability of the 4D Einstein-Lovelock black hole is available from
https://arxiv.org/src/2003.12492v1/anc/Lovelock-Stability.nb.
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Figure 2. The parametric region of the eikonal instability on the (α˜2,α˜3)-plane for the asymptotically
flat, Λ = 0, (left panel) and near extreme de Sitter, rH/rC = 0.99, (right panel) four-dimensional
black holes in the Einstein-Lovelock theory of the third order in curvature. The black color is the
excluded parametric region, the yellow color is for the ghost instability, and the blue color is for the
eikonal instability in the scalar sector.
Figure 3. The parametric region of the eikonal instability on the (α˜2,α˜3)-plane for the asymptotically
anti-de Sitter black hole in the Einstein-Lovelock theory of the third order in curvature. From left
to right: small black holes (rH/R = 0.1), medium black holes (rH/R = 2), and large black holes
(rH/R = 10). The black color is the excluded parametric region, the yellow color is for the ghost
instability, and the blue color is for the eikonal instability in the scalar sector.
5 Conclusions
Here we analyzed the (in)stability of the asymptotically flat, de Sitter and anti-de Sitter
4D Einstein-Lovelock black holes. First of all, we showed that not only the background
spherically symmetric solution can be regularized, but the higher dimensional time-dependent
perturbation equations allow for the same dimensional regularization, showing no divergences
in the limit D → 4. We showed that for all types of asymptotics the black holes are unstable
unless the coupling constants are sufficiently small. Negative coupling constants allow for
a much larger parametric region of stability. It is interesting that when limited by positive
coupling constants, the eikonal instability strongly constrains values of the coupling constants
at higher orders and serves as an effective cut-off of the series. This phenomena does not take
place in the higher dimensional case, and, therefore it would be tempting to learn whether this
cut-off due to the instability takes place in the well-defined and non-contradictory Einstein-
dilaton-Lovelock theory. For the general case of the Einstein-Lovelock theory of arbitrary
order and a number of particular examples the regions of instability are found as algebraic
inequalities. In a similar way, our work could be extended to the case of a charged black hole.
It is important to stress out that we have studied linear stability of spherically symmetric
black holes within the classical theory of gravity, obtained by regularizing the corresponding
– 9 –
solutions of D-dimensional Einstein-Gauss-Bonnet [17] or Einstein-Lovelock [21, 22] theories.
Recently it was shown that the simplest solutions of this class, dimensionally regularized
Einstein-Gauss-Bonnet black holes, are also solutions of a subclass of the scalar-tensor Horn-
deski theories. These solutions are unambiguous since the Weyl part of the corresponding
equations vanishes,
CµρλσCνρλσ − 1
4
δµνC
τρλσCτρλσ = 0, (5.1)
where Cνρλσ is the Weyl tensor. As the scalar field does not add propagating degrees of
freedom and the Weyl terms do not appear in the linear perturbation equations, our stability
analysis has to be compatible with these theories.
Yet, the second-order perturbation equations cannot be consistently derived by taking
the limit D → 4 [61] and the analysis of four-point graviton scattering amplitudes shows that
the strongly-coupled scalar field must be taken into account at this order [60]. In this sense
the regularized Gauss-Bonnet theory considered here is only a low-energy effective description
of the scalar-tensor theory. The consistent Hamiltonian theory implies that the gravitational
perturbations gain a correction to the dispersion relation in the ultraviolet regime due to
counter terms, appearing in order to cancel divergences of the Weyl pieces [67]. Although
the linear perturbation equations for the full theory have not been derived yet, we notice
that the Weyl tensor on the (D − 2)-sphere does not appear in scalar-type and vector-type
perturbation equations [75], indicating that the counter terms do not change the angular parts
of the equations, which were used for our eikonal stability analysis. It is worth mentioning
here that although the eikonal instability of the Gauss-Bonnet black holes manifests itself
first at large multipole number, the similar unstable behavior is observed for lower ℓ as well
[9], corresponding to the low-energy perturbations at the threshold of instability, for which
the ultraviolet corrections can be neglected.
Thus we conclude that the linear and higher-order perturbation analysis in the full
theory could further limit the parametric region of stability of the 4D-Gauss-Bonnet black
holes. However, it is unlikely that the linearly unstable black holes, discussed here, can be
stabilized when taking into account the strong scalar-field coupling.
As to the 4D-Lovelock black holes, the consistent scalar-tensor theory has yet to be for-
mulated. Nevertheless, the Kaluza-Klein reduction allows one to obtain higher-order Lovelock
terms of the corresponding scalar-tensor theory [63]. It was shown in [63] that the scalar-tensor
theory with the Lovelock term of order m yields the scalar-field term (∂φ)2m, confirming that
the contributions from the higher-order Lovelock terms are high-energy correction to gravity.
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